Does Hopkins' theorem extend to projective modules, i.e., are projective Artinian modules Noetherian? An example is given to answer this question in the negative; however, we show that the answer is affirmative for certain large classes of projective modules. Dually, are injective Noetherian modules Artinian? Again the answer is negative; nevertheless, we provide an affirmativeâ nswer for certain classes of injective modules.
Introduction.
It is well known that the endomorphism ring of a module which is both Artinian and Noetherian is semiprimary. The author has noted [7] that the endomorphism rings of both projective Artinian and injective Noetherian modules are semiprimary. This raised the following questions: Do there exist projective Artinian modules which are not Noetherian, or could it be true that Hopkins' theorem [11, p. 132] extends to projective modules? Dually, do there exist injective Noetherian modules which are not Artinian [8] , [9, p. 378] ?
In §1 we prove that the endomorphism rings of both projective Artinian and injective Noetherian modules are semiprimary. We give an example of a projective Artinian non-Noetherian module in §2 and show that Hopkins' theorem does extend to a projective Artinian Zv-module M in each one of the following cases: (a) R is commutative, (b) R is hereditary, or (c) M is a generator in the category of /^-modules.
An example of an injective Noetherian non-Artinian module is given in [14] . In §3 we prove that if M is an injective Noetherian Z?-module where R is a ring with polynomial identity which satisfies the ascending chain condition on annihilators of submodules of M, then M contains an essential submodule which is Artinian. From this it follows that injective Noetherian modules over commutative rings are Artinian.
Throughout this paper, R will denote an associative ring which does have a unity and M will denote a unital right /?-module. If S is a subset of M, then t(s) denotes {x e R: Sx=0}.
We note that the results in this paper can be immediately obtained for certain abelian categories. See [10] Proof.
We will prove only the first statement since the proof of the second follows immediately by dualizing the proof we give. First we show that S satisfies the descending chain condition on principal right ideals. Suppose that q>xS^(f>2S^q>3S^-■ ■ is a descending chain of principal right ideals in S. For each n, there exists sn e S such that <f>"srt = <f>n+x. Thus (f>"M^(f>nsnM=q)"+1M and so we obtain the following descending chain of /î-submodules of M: <pxM~^<p2M^<p3M^ ■ ■ ■ . Since M is Artinian, there exists a k such that <jikM=4>k+xM=<j>k+2M=-■ ■ . We claim that <pkS=<f>k+1S. Consider the following diagram. and "injective" is replaced by "quasi-injective".
Also M need not be unital.
Remark 2. That M injective Noetherian implies End(M) is semiprimary is due to Fisher and Small and appears with another proof in [8] . Recently the author discovered that M projective Artinian implies End(M) is semiprimary is due to Harada and appears with different proof in [10] . Furthermore, Harada uses this to prove that M is finitely generated and, quite surprisingly, that End(M) is right Artinian. We take this opportunity to inflict on the reader a direct proof, which does not rely on End(M) being semiprimary, that M is finitely generated.
Lemma. If M is a projective Artinian R-module, then M is finitely generated.
Proof.
First it can be shown that the Jacobson radical, J(M), of M is small in M by using a technique of proof used by Kasch-Mares have produced an example of an injective Noetherian module which is not Artinian. From the following theorem it will result that certain classes of injective Noetherian modules are Artinian. We say that R is a P.¡.-ring if R satisfies a polynomial identity with coefficients in the centroid and at least one coefficient is invertible.
Theorem 3.1. If M is an injective Noetherian R-module where R is a P.I.-ring which satisfies the ascending chain condition on annihilators of submodules of M, then M contains an essential submodule which is Artinian.
Since M is injective Noetherian, it follows by standard techniques that M is a direct sum of finitely many indecomposable injective Noetherian /{-modules. Hence it suffices to assume that M is indecomposable. There exists an ideal P which is a maximal element in {>(N):N is a nonzero submodule of M). Moreover, P is prime and there exists eeM such that P=i(eR). If the right ideal i(e)*-i(e)IP in the prime P.I.-ring R* = RjP is essential, then it contains a nonzero two-sided ideal by Amitsur [1, Theorem 9] . This contradicts the fact that /(eR) is the largest two-sided ideal contained in i(e). Thus /(e)* is not essential in R* and so there exists a nonzero right ideal U* such that U* is Ä*-isomorphic to (U+t(e))l>(e).
Hence U* is /?*-isomorphic to an /i*-submodule of eR. Since eR is a uniform 7?*-module, the /?*-injective envelope of U*, denoted ER. Since R* is a prime P.I.-ring, it has a simple Artinian two-sided classical quotient ring Q by Posner's theorem [17] . Furthermore, ER,(R*) coincides with Q and is homogeneous, i.e., it is a finite direct sum of isomorphic injective indecomposable Ä*-submodules. Each of these isomorphic injective indecomposable Z?*-submodules of Q is /?*-isomorphic to ER,(U*) which is a Noetherian Zv*-module. As is well known in the commutative case M is primary with primary radical P. As we have shown, P is maximal since R* is its own quotient field. Moreover, P is nilpotent since R/>(M) is Noetherian. It is now clear that M is Artinian.
